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Exercise 10.1

(31) lim
n→∞

1− 5n4

n4 + 8n3
= lim

n→∞

1
n4 − 5

1 + 8
n

= −5.

(45) Note that − 1

n
≤ sinn

n
≤ 1

n
for all natural numbers n, and lim

n→∞
− 1

n
= lim

n→∞

1

n
= 0.

By sandwich theorem, lim
n→∞

sinn

n
= 0.

(69) lim
n→∞

(
3n+ 1

3n− 1

)n

= lim
n→∞

(
1 +

1

( 3n−12 )

)n

= lim
n→∞

[(
1 +

1

( 3n−12 )

) 3n−1
2

]2/3(
1 +

1

( 3n−12 )

)1/3

= e2/3

Exercise 2.2

(33) lim
u→1

u4 − 1

u3 − 1
= lim

u→1

(u− 1)(u+ 1)(u2 + 1)

(u− 1)(u2 + u+ 1)
= lim

u→1

(u+ 1)(u2 + 1)

u2 + u+ 1
=

4

3
.

(39) lim
x→2

√
x2 + 12− 4

x− 2
= lim

x→2

√
x2 + 12− 4

x− 2
·
√
x2 + 12 + 4√
x2 + 12 + 4

= lim
x→2

x+ 2√
x2 + 12 + 4

=
1

2
.

1. Note, by the construction of the sequence, we have an ≥ 0 for all natural numbers n.

Using mathematical induction to show that an ≤ 3 for all natural numbers n.

(1) When n = 1, a1 = 1 ≤ 3.

(2) Assume ak ≤ 3 for some natural number k. Then, we have

ak ≤ 3
1

16
≤ 1

ak + 13

−9 ≥ − 144

ak + 13

3 ≥ 12− 144

ak + 13
3 ≥ ak+1

By mathematical induction, an ≤ 3 for all natural numbers n.

(a)(b) We have, for n > 1

an − an−1 =
12an−1 + 12

an−1 + 13
− an−1

=
−a2n−1 − an + 12

an−1 + 13

≥ 0

1



Note that an−1 ≤ 3, so −a2n−1 − an + 12 ≥ 0.

By monotonic sequence theorem, {an} converges. Suppose lim
n→∞

an = A, we have

lim
n→∞

an = lim
n→∞

12an−1 + 12

an−1 + 13

A =
12A+ 12

A+ 13
A = 3

Note, A = −4 is rejected.

2. Note that
1√

n2 + n
≤ 1√

n2 + i
≤ 1√

n2
=

1

n
for all 1 ≤ i ≤ n, so we have

1√
n2 + n

· n ≤ 1√
n2 + 1

+
1√

n2 + 2
+ · · ·+ 1√

n2 + n
≤ 1

n
· n = 1

Note that lim
n→∞

n√
n2 + n

= 1. By sandwich theorem,

lim
n→∞

1√
n2 + 1

+
1√

n2 + 2
+ · · ·+ 1√

n2 + n
= 1.
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